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LETTER TO THE EDITOR 

On the quantization of the constrained AKNS flows 

A Ghose Choudhury and A Roy Chowdhury 
High Energy Physics Division. Depamnent of Physics. ladavpur University, Calcutta 700 032, 
India 

Received 14 April 1994 

Abstract. It is shown that the quantum version of the constrained Ablowia-KaupNewell- 
S o w  (AKNS) Rows from a complerely integrable system and the corresponding Lax pair can 
be Constructed. The quantum inverse problem for the system is then formulated following the 
technique of Iurgo and Gaunoulis. Finally the algebraic Bethe ansaa is explicitly consuucted, 
thereby determining the energy eigenvalue of the exnted states. 

Derivation of completely integrable dynamical systems by constraining the flows generated 
by Ablowitz-KaupNewellSogur (AKNS) or other types of Lax operators has attracted the 
attention of many researchers [I]. It has even been demonstrated that such dynamical 
systems are bi-Hamiltonian with two separate symplectic structures [Z]. Complete 
integrability of such systems was ascertained through the derivation of an infinite number 
of conserved quantities and the corresponding Lax pair [3]. In this letter we show that it 
is possible to derive a quantum mechanical version of such constrained dynamics by using 
the commutation rules for canonical variable and a Lax operator. Incidentally, complete 
integrability of the quantized system can also be understood through the construction of 
infinite numbers of conserved quantities in involution. In the latter part of this letter we 
have formulated a quantum inverse problem for the situation by following the methodology 
of Jurco and Ganoulis and have constructed the Bethe ansatz. 

The AKNS hierarchy is generated by the Lax pair; 

w, = Lw w, = V W  (1) 

where 

The tirst classical restricted flow leads to a dynamical system whose equation can be written 
as; 
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where 

HI = q A P  -k Q A P  - ~ ( ~ Q ) ( P P )  (3) 

and q = (qr . . .qn), p = (pr . . . pn) ,  etc are n-component vectors with A = diag(t1 . . .&). 
Also 

It has been shown in [4] that these equations have Lax pair (M, U), such that; 

MI = [U. MI (5) 
with 

and 
u = A [  1 0  I+[: g]. 

0 -1 

The complete integrability of equation (2) was analysed with the help of (6). From the 
form of (2) it is quite evident that ( p . q )  and ( P ,  Q )  a e  canonical pairs of variables in the 
classical sense. Our first motivation is to consider the set of nonlinear dynamical equations 
which can be obtained if we consider the set ( p . 4 )  and (P, Q )  as quantum mechanical 
variables. 

The quantum mechanical version of equations (2) can be obtained from the symmetrized 
form of the Hamiltonian HI written as 

HP = z ( q k 6 k P k  -I- Q&Pd - C((qmQm)(PnPn) + (~mPm)(qnQn)l (7) 
k m.n 

supplemented with the commutation rules 

lqr, ~ m l  = fib 
[ Q t ,  Pml= W m .  

In (7) we have not symmetrized the terms in the first bracket since it gives rise to a constant 
term only. The quantum mechanical equations for the dynamical system are; 

(8) 
I I 

qrx  = i ; t H ~ , q r l  Qir = c[HP, Q r l  
whence we get; 
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where we have used the fundamental commutator; 

[ 4 n 9  ~ m l =  ifis., 

[Q.,  Pml = f i S m ,  

The quantum mechanical system (9) can also be associated with a Lax equation which we 
write as; 

M, = [U, MI (11) 

where (10) is to be used for all calculations. For example, the '21' matrix coefficient of 
equation (1 1) gives 

where (a ,  b), stands for ab + ba. 
It can be easily seen that equation (13) is a simple consequence of (9). So we can say 

that equation (11) represents the Lax equation of the quantum mechanical flow given by 
(9). Now for brevity we define: 

uk = qkpk f QkPk <k qkQk fJk Pkpk. 

We now observe that the conserved quantities are obtained as the coefficient of A-'" in 
Tr[M"].  For example; 

So coefficients of different powers of A-" yield; 

coefficient of A-' 

e-, = 4 C a k  
k 

coefficient of A-' 
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and one can easily identify that the Hamiltonian H, written in equation (8) as; 

(16) 

So we have, until now, constructed a quantum mechanical version of (2) and also a Lax 
pair for it, and have also shown that the system has many integrals of motion. 

We can now formulate the quantum inverse problem with the help of the above Lax 
pair. We compute [MI(h) ,  Mz@)] where M'(.A) = M ( h ) B  1 ,  M2(&) = I@M(&),  whence 
we get; 

H: = 4C-z - ~c -1 .  I 2  

where J is a 4 x 4 matrix given by 

-4%kQk 
0 " 1  0 42qkQi -43qk Qi 

4ifiPAPk 0 -4fi(qkPk -b Qkpk) 4fiqkQk 
J = [  -4fiPkpk 4$(qkPk + Qkpk) 0 

0 4ifipkpk A f i p k p k  

and the right-hand side of (17) is seen to be equal to 

1 ~ 0  - P) ,  + M2(&)I (18) 

where r (h  - p)  = -&P. P being the permutation matrix. Note that we have derived 
the r-matrix using the commutation rules, not the Poisson brackets as such. We can now 
proceed to set-up the algebraic Bethe ansatz equation following Jurco [6] and Ganoulis [ 5 ] .  
In the compact notation M(A) can be written as; 

so that 

On the other hand, equation (18) leads to 
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In the following we will set A(h) = -D(A).  Equation (21) yields at once 

(22) 

The construction of the Bethe states starts with the assumption of the existence of the 
pseudo-vacuum state viz 10) such that 

4iTl 
A - P  

V ( A L  W ) 1 =  - tW)A(h) - B(A)A(P)I. 

C(h)lO) = 0 A(h)IO) = a(h)lO) (23) 

and 

W ) l O )  = t@\.)lo). 

Now, starting with (21), if we set I(. = h + E ,  E being small, we get 

4% 
B(h)C(h + E )  - C(A + E)B(h) = --[A@ + E )  - A @ ) ]  

E 

whence, in the limit E 3 0, we get 

C(h)B(A) = B(h)C(A) + 4ihA'(h) 

where A'(A) = aA/ah.  
So. using equation (20) and (23). 

t(h)lO) = i [2A2(h)  + B(A)C(h) + C(A)B(h)llO) 

= [$(A) + Z%a'(A)jlO). (26) 

Our motivation is to determine the energy eigenvalue of this state and the equations 
satisfied by the eigenmomenta ( f i l  . . . p a )  and observe 

T(QlFLl) = T(~)B(PI)IO) 

so that the single-particle state has got energy 

whereas the corresponding momentum p1 is determined by 

4Pl) = 0 

which comes from the usual vanishing condition for the 'unwanted terms'. Proceeding now 
to two-particle states 

BOLI)B(LLZ)IO) = I L L 1 9  P2) (30) 
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we get, using the commutation rules, 

T(A)IPI, ~ 2 )  = T(A)B(PI)B(P~)IO). 

So we immediately infer that the two particle state has got energy; 

along with the following two subsidiary conditions determining the eigenmomenta, P I ,  pz. 

and 

= 0. 
44 )  + g h 2  1 

4% - 
A - P I  (A - PI)(Pl - PZ) 

A similar computation can be easily carried out for the n-particle Bethe state and the energy 
of such a state is given as; 

where the eigenmomenta P I  . . . pn are determined by R equations of the form (33), which 
when simplified read; 

In the above expression f(A) stands for the quantity &A) + Ziha’(A). 
So in the above analysis we have shown that it is possible to set up a quantum mechanical 

version of the constrained dynamical system determined by the AKNS flow. It is interesting 
to note that a Lax pair which has the same form as its classical countelpart can reproduce 
the quantum mechanical system, with the difference that the entries of Lax matrices are no 
longer commutative quantities. Such an L operator is then used to generate a r-matrix, not 
through Poisson bracket but by commutation rules which in turn has been used to set up an 
algebraic Bethe ansatz, determining the n-particle excited state. It will be really interesting 
to see whether similar considerations hold good for other constrained dynamics studied by 
several authors. 

One of the authors (AGC) is grateful to CSIR (Government of India) for a JW. 
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